In this paper we used the theory of adiabatic radial oscillations developed by Chandrasekhar to study the conditions for dynamical stability of constant energydensity stars, or Schwarzschild stars, in the unstudied ultra compact regime beyond the Buchdahl limit, that is, for configurations with radius R in the range R S < R < (9/8)R S , where R S is the Schwarzschild radius of the star. These recently found analytical solutions exhibit a negative pressure region in their centre and, in the limit when R → R S , the full interior region of the star becomes filled with negative pressure. Here we present a systematic analysis of the stability of these configurations against radial perturbations. We found that, contrary to the usual expectation found in many classical works, the ultra compact Schwarzschild star is stable against radial oscillations. We computed values of the critical adiabatic index γ c for several stellar models with varying radius R/R S and found that it also approaches a finite value as R/R S → 1.
Introduction
In two seminal works published in 1964, Chandrasekhar [1, 2] developed the theory of radial oscillations of relativistic stars, which has had numerous applications to the characterization of stable and unstable branches of different compact stellar models. The dynamic equation governing radial pulsations leads to a self-adjoint eigenvalue problem, which can be solved using several methods [3] . Assuming that the adiabatic index γ of the perturbation is constant throughout the star, Chandrasekhar used trial eigenfunctions to determine the critical values γ = γ c for the onset of instability, for stars described by the Schwarzschild constant-density interior solution, or Schwarzschild stars (see, e.g. [4, 5] ) and for relativistic polytropes. One result of particular interest is that for a Schwarzschild star with total mass M and radius R, in the Newtonian limit of low compactness M/R, we have γ c = 4/3 + (19/42)R/R S , where R S = 2M is the Schwarzschild radius of the star.
It is well known that the central pressure of the Schwarzschild star diverges for configurations obtained at the end of a sequence with increasing compactness when its radius reaches R = (9/4)M . The relevance of this limit relies on the fact that its existence is not restricted to the case of homogeneous density stars. As it was shown by Buchdahl [6] , if one assumes that the energy density is positive everywhere inside the star and decreases monotonically with r, namely d /dr ≤ 0, then it is possible to find a general upper mass limit, M ≤ 4R/9, which will be independent of the equation of state. Thus the Schwarzschild star provides an extreme case which saturates the Buchdahl limit; as a result, configurations more compact than the Buchdahl bound have been usually dismissed as being unstable.
Nevertheless, when one considers the Schwarzschild star beyond the Buchdahl limit, namely R S < R < (9/8)R S , the solutions present an interesting behavior [7] . The pole where the pressure diverges moves out from the centre up to a surface of radius R 0 = 3R 1 − 8 9 R R S < R, and a regular negative pressure interior region emerges in the range 0 < r < R 0 while the pressure is still positive in the range R 0 < r < R ‡. In the ultra compact limit when R 0 → R − S from inside and R → R + S from outside, the whole interior of the star has negative pressure determined by a modified de Sitter space-time. Thus, in this limiting case the ultra compact Schwarzschild star becomes essentially the gravastar proposed by Mazur and Mottola [8, 9] .
The gravastar model has attracted considerable interest as an alternative to black holes since it provides an ultra compact non-singular object with no event horizon. Variations of the model inspired many related solutions, for instance the continuous pressure models described in [10, 11] and the solutions supported by nonlinear electrodynamics given by [12] . Observational signatures of the model were studied as early as 2007 with an analysis of its gravitational quasinormal mode spectrum [13] , and more recently in [14] . Late works like [15, 16] have considered generalizations of black hole shadows and the I-Love-Q relations [17] in this context.
The stability of many different proposed black hole alternatives inspired by the original gravastar model has been widely studied in the literature, as stability is essential for any configuration to be considered as a physically viable model. Stability against radial oscillations was analyzed for an infinitesimally thin shell model [18] and configurations with continuous pressures [19] . The existence of stable configurations makes them possible candidates for "black hole mimickers".
After the first recent gravitational-wave detections announced by LIGO [20] we finally have the possibility to probe gravity closer to the horizon scale [21] and start constraining alternative models [22] . Thus in the future, we expect to see possible deviations from general relativity due to quantum corrections [23] . In principle, these ‡ The interior negative pressure region is matched to the outer portion of the star (or to the exterior vacuum in the limiting case) through an infinitesimal surface-layer of transverse stresses endowed with a surface tension proportional to the difference in the surface gravities. quantum corrections could be responsible for the formation of gravastar-like objects instead of classical black holes. However, more stringent tests of this scenario may have to wait for observations with space detector LISA [24] or third generation ground-based gravitational wave detectors such as the Einstein Telescope [25] or the Cosmic Explorer [26] .
Therefore, motivated by the aforementioned works, in this paper we present a systematic analysis of the conditions for dynamical instability of constant-density stars, or Schwarzschild stars, in the unexplored regime R S < R < (9/8)R S . Our results can be considered as an extension of those presented by Chandrasekhar [1, 2] , and we show that, quite surprisingly, stability is regained after the classical instability at R = (9/8)R S , in the sense that we find that stable configurations are allowed below the Buchdahl bound. In particular, we show that configurations with R → R S are also stable.
This paper is organized as follows: in section 2 we review briefly the Schwarzschild interior solution, or Schwarzschild star, in the negative pressure regime for higher compactness approaching the Schwarzschild black hole limit. In section 3 we outline the pulsation equation for radial oscillations derived by Chandrasekhar in the framework of general relativity. We specialize the problem to the case of a constant energy-density configuration in section 4. Finally, in section 5 we present our methods and results and in section 6 we provide the conclusions. Throughout the paper, we use geometrized units where G = c = 1.
The Schwarzschild star and negative pressure interior
In this section we briefly summarize the Schwarzschild interior solution, or Schwarzschild star, corresponding to a uniform-density spherical star, in the regime of high compactness with a negative pressure interior (for a more detailed mathematical description of this solution, see [7, 27] ). The starting point is a spherically symmetric spacetime in the standard Schwarzschild form
We model the star as a spherically symmetric fluid configuration characterized by a stress-energy tensor with the form
where is the total mass-energy density, p is the radial pressure and p ⊥ corresponds to the transversal pressure. The relation between the energy density and the pressure p will be determined once an equation of state of the form p = p( ) is given. The Einstein equations together with the energy-momentum conservation relation provide the pair of equations which determine the relativistic hydrostatic equilibrium condition dp dr 
and y
where r is measured in units of α, which is defined as
In terms of the parametrization (2.6), the Schwarzschild interior solution takes the form
8)
The central pressure can be obtained from (2.8), and it is given by
which is a constant. The Buchdahl condition R/R S > 9/8, equivalent to 3y 1 > 1 in this parametrization, guarantees that the pressure is positive and finite everywhere inside the star [6] . At the stellar surface r = R, the interior solution must match the exterior Schwarzschild solution e 2ν = e −2λ = 1 − 2M/r. Note that the pressure (2.8) is regular everywhere inside the star, except at some radius R 0 where the denominator vanishes, which is a first-order pole given by
which is imaginary for R/R S > 9/8. Moreover, as (2.8) and (2.9) show, the pressure diverges exactly at the same point where e 2ν = 0. Despite this seemingly unphysical behavior for the pressure inside the star, in the regime 1 < R/R S < 9/8, a further analysis allows us to uncover some interesting features. For increasingly compact stars in this regime, the pole in the pressure (2.11) moves from the center of the star to finite values 0 < R 0 < R (see figure 1 in [27] ). This creates a new region with negative pressure in the interval 0 ≤ r < R 0 , but e 2ν > 0, thus g tt remains timelike (see figure 1 and figure 2 ). Thus, in principle, if we could represent a collapsing star by a quasistatic series of increasingly more compact equilibrium configurations, we would see it undergo a phase transition which occurs first at the center and then spreads out towards the surface. As the radius of the star approaches the Schwarzschild radius from above, R → R + S , the radius of the negative pressure region approaches it from below, R 0 → R − S . In the ultra compact limit when R = R 0 = R S , the Schwarzschild interior solution (2.8) and (2.9) shows that the whole new interior region is described by the equation of state p = − for r < R = R 0 = R S . In this ultra compact limit, the interior metric functions given in (2.9) describe a patch of a modified de Sitter spacetime
with
The interior is perfectly regular at r = 0, in contrast to the singular behavior of black holes at that point. Outside the star (for r > R S ), the space-time geometry is determined by the spherically symmetric exterior Schwarzschild metric. The Schwarzschild surface at r = R S is a marginally trapped surface, but there is no interior trapped surface for r < R S , and no event horizon. Finally, there is an infinitesimal thin-shell discontinuity at r = R 0 = R S = 2M where the interior and the exterior metrics must be matched by using the Israel junction conditions [29] . The divergence in the pressure at the surface R 0 can be regularized through the Komar integral [30] together with the relaxation of the isotropic fluid condition at r = R 0 (see [7] for details). The anisotropy in the pressure at the surface R 0 produces a surface tension which is proportional to the difference in surface gravities. Thus, in the ultra compact limit when R = R 0 = R S , the Schwarzschild star becomes essentially the non-singular gravitational condensate star or gravastar proposed in [8, 9] .
Equations for infinitesimal radial oscillations
The equation that governs radial oscillations in the fluid of a relativistic star was derived by Chandrasekhar [2] using variational methods, under the following assumptions: the spherical symmetry (2.1) of the configuration is not affected by the perturbations, there are no dissipative effects and the baryon number is conserved. Following Chandrasekhar, the dynamical stability of the star can be studied through the analysis of the normal modes of radial oscillations. Assuming that the perturbations have the time-dependent form e −iωt , the normal modes will be determined by the pulsation equation
where ξ corresponds to the Lagrangian displacement, or in this case the radial displacement of a fluid element from its equilibrium position, ω denotes the characteristic frequency of the oscillation, and
is the adiabatic index associated to the perturbations, or 'effective' γ [31] . The subscript S in (3.2) indicates at constant specific entropy. Note that this γ is not necessarily equal to the adiabatic index, or 'ratio of specific heats' associated to the equation of state of the star. For instance, for the Schwarzschild star with constant-density, the adiabatic index γ for the fluid is infinite (incompressible fluid). However, for the perturbations, constant finite values of the 'effective' γ are being assumed [2, 32] . Physically acceptable solutions of (3.1) must satisfy the following boundary conditions
Note that (3.3) guarantees that there is no fluid motion in the center, and (3.4) indicates that the pressure vanishes at the surface of the star. The stability condition is established through the variational method [2] . Following this principle, the condition for the onset of dynamical instability of the star is that the RHS of
dr e (λ+ν)/2 r dp dr ξ
(λ+ν)/2 dp dr
vanishes for some function ξ, given the boundary conditions (3.3) and (3.4). For imaginary values of ω, i.e. ω 2 < 0, the perturbation e −iωt grows exponentially in time, and the configuration will be unstable. Solutions purely oscillatory, i.e., ω 2 > 0, will be stable. Thus ω 2 = 0, also known as the neutral mode, separates stable and unstable models [32] . Following [33] we introduce the renormalized displacement function
In terms of ζ, (3.1) can be written in the self-adjoint form
where 10) and the boundary conditions (3.3) and (3.4) imply that
Thus (3.7), together with the boundary conditions (3.11) and (3.12), correspond to a self-adjoint eigenvalue problem for the frequencies ω 2 . Given the mathematical features of this problem, the following results apply [32] : the frequencies ω 2 are real and form a discrete spectrum ω 2 0 < ω
n . Therefore if the fundamental mode is stable, i.e., ω 2 0 > 0, then all radial modes are stable. The eigenfunction ξ n , which corresponds to the n-th mode ω 2 n , has n nodes in the interval 0 < r < R. Furthermore, the ξ n are orthogonal.
The methods to solve the eigenvalue problem (3.7) are well known and have been discussed in [3] . For instance, by using trial functions, Chandrasekhar [2] found the critical value γ c of the adiabatic index for the dynamical stability of the constant energydensity star, or Schwarzschild star, for different values of the compactness. Thus, the 'effective' γ must be greater than γ c for the configuration to be stable against radial perturbations. When relativistic effects are small, Chandrasekhar found that
If γ < γ c , dynamical instability will ensue. Thus, (3.13) corresponds to the relativistic correction of the Newtonian value γ N = 4/3. In the next sections we will study the radial stability of an ultra compact Schwarzschild star in the negative pressure regime R S < R < (9/8)R S .
Radial stability of ultra compact Schwarzschild stars
Our particular interest is to study the radial stability of the ultra compact Schwarzschild star. It is convenient to introduce the new independent variable
such that x ∈ (0, 1 − y 1 ), with y
In terms of the new variable x, (3.7) adopts the form
where 5) and k ≡ |3y 1 − 1|, where the absolute value guarantees that √ g tt = e ν , given by (2.9), remains positive when the radius of the star goes beyond the Buchdahl bound (see the discussion in [27] ). As usual when solving numerically second order differential equations, we first turn (4.2) into two coupled first-order differential equations. Introducing
we obtain
Now the boundary conditions (3.11)-(3.12) read ζ (x = 0) = 0, (4.9)
η(x = x 1 ) = 0, (4.10) where x 1 ≡ 1 − y 1 . In the next section we will discuss our numerical methods for solving the eigenvalue problem described by (4.7)-(4.8), with the boundary conditions (4.9)-(4.10), and present our results.
Numerical results

Methods
We find the critical adiabatic index γ c , for the onset of instability, by setting ω 2 = 0 in (4.8). The resulting eigenvalue problem for γ is solved with a shooting method. We integrate the system (4.7)-(4.8) from the center up to the surface of the star with some trial value of γ, and iterate until we find the optimal value of γ such that the solution satisfies (within a prescribed error) the boundary conditions (4.9)-(4.10). Thus, the optimal γ corresponds to the critical adiabatic index. We used two different methods for finding γ c : the binary search method, or bisection method, and the secant method [34, 35] . The results of γ c obtained with both methods were in agreement up to 6 decimal places.
The equations derived in section 4 were integrated for different values of the parameter R/R S . The integrations were performed using a Runge-Kutta-Fehlberg (RKF) method with an adaptive stepsize [34] . We found that the adaptive RKF method provided fast and stable results in the regime near and below the Buchdahl radius, where the equation of state is stiff. Even though the central pressure, as given by (2.10), has a divergence at r = 0 when y 1 = 1/3, or k = 0, note that (4.7)-(4.8) are well behaved there. Thus, the only poles are located at the ends {0, 1 − y 1 }, which are excluded from the integration interval, i.e., x ∈ (0, 1 − y 1 ).
Radial stability above the Buchdahl bound
As an initial code check, we computed values of γ c for a Schwarzschild star in the regime R/R S > 9/8. Our results are shown in figure 3 (see also table A1 in the Appendix), where we plot γ c as a function of the ratio R/R S . We find that our results are in very good agreement with those reported by Chandrasekhar [2] and Wright [36] , also presented in the figure for comparison. We note that γ c approaches the Newtonian value 4/3 when R/R S → ∞, as expected (in the Newtonian theory, the value of γ c is independent of the radius of the star). For values of R/R S near the Buchdahl bound, γ c grows rapidly indicating the approach to the instability point. Nevertheless, as we will show in section 5.3, this changes when one considers the negative pressure regime, R S < R < (9/8)R S , where the critical γ c values decrease monotonically and approach a finite value.
In figure 4 we plot γ c as a function of the central pressure, which is being measured in units of the constant mass-energy density . In this representation we find the Newtonian limit γ c = 4/3 as p c → 0, and we can see that γ c grows linearly with the central pressure of the star. These results are once again in good agreement with those in [37] .
In figure 5 we plot the eigenfunctions ζ (normalised by ζ 1 ≡ ζ(x 1 )) corresponding to the marginally stable mode, as a function of x/x 1 . Note that the pulsations grow faster when the radius of the star approaches the unstable configuration in the Buchdahl limit. Values of γ c (dotted line) as a function of the parameter R/R S for a Schwarzschild star in the regime R/R S > 9/8. In the limit when R/R S → ∞, γ c approaches the Newtonian value 4/3; the star becomes unstable as R/R S → 9/8. Our results are in good agreement with those found by Chandrasekhar [2] and Wright [36] . 5.3. Radial stability in the ultra compact limit R S < R < (9/8)R S After having successfully tested our code with the results presented in the previous section, now we proceed to the analysis of the radial stability of an ultra compact Schwarzschild star in the negative pressure regime, 1 < R/R S < 9/8. We computed critical values of γ for radial stability and obtained the results presented in figure 6 (see also table A2 in the Appendix).
In figure 6 we plot again γ c as a function of the parameter R/R S , presenting the results obtained in the ultra compact limit 1 < R/R S < 9/8, together with the results above the Buchdahl limit previously shown in figure 3 . We can see that, quite surprisingly, the ultra compact Schwarzschild stars beyond the Buchdahl limit become stable again as configurations move away from the instability at R/R S = 9/8. It is also interesting to note that the stars are stable even as they approach the Schwarzschild black hole compactness and, as can be seen in the inset of figure 6, we found that γ c → 2 as R/R S → 1. § This behavior can also be seen in figure 7 , where we plot the critical adiabatic index γ c , as a function of the central pressure (in units of ), for an ultra compact Schwarzschild star in the negative pressure regime 1 < R/R S < 9/8. Note that p c → − as R → R S and, in this limit, the interior of the star is entirely described by p = − [7] . § It is important to note here that a finite value of γ c on its own does not imply stability: the star must have γ > γ c for it to be stable. This is merely allowed by a finite value of γ c . However, it should be easily realised in the incompressible fluid of a constant density star -but the situation could be less In figure 8 we plot the normalized eigenfunctions ζ/ζ 1 , as a function of x (in units of x 1 , its value at the boundary), for an ultra compact Schwarzschild star for various values of the parameter R/R S < 9/8. Note how the eigenfunctions become more attenuated when the star moves away from the unstable configuration R/R S = 9/8 and approaches the limit R/R S → 1.
certain in a more realistic model.
Conclusions
In this paper, we addressed the issue of the radial stability of an ultra compact Schwarzschild star, in the recently discovered and still largely unstudied negative pressure regime for R S < R < (9/8)R S . This work extends the results found in [1] and complements the analysis of radial stability of continuous pressure gravastars presented in [19] .
Following the theory of infinitesimal, and adiabatic, radial oscillations developed by Chandrasekhar, we determined the critical values of the adiabatic index γ c for the onset of instability, above and below the Buchdahl limit. The main result of our investigation is that, in contrast to the usual expectation found in previous works, stability is regained as γ c decreases monotonically in the regime R S < R < (9/8)R S and approaches a finite value as R/R S → 1, or gravastar limit.
The dynamical process through which such an ultra-compact star in the negative pressure regime could be formed is still unclear, and remains the biggest challenge for the physical viability of this and related models. Future developments in quantum gravity may provide clues to this still unknown mechanism, and future gravitational wave detections may offer evidence to their existence as black hole alternatives. Table A2 .
Critical adiabatic index γ c for radial stability of an ultra compact Schwarzschild star for various values of R/R S , in the regime 1 < R/R S < 9/8.
